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In this note we establish a new transformation formula for the generalized 
hypergeometric function of two variables. On specializing its parameters, it yields 
the interesting result: 
F y, 28 - Y, 1 + Q% B + +a; 1 Br(2g) WP - cf. - Y) 
1 3 [ 
= 
g1 + 28), 1 + a, 1 + 8; 1 (B - Y) T(28 - a) T(28 - Y) * 
valid for Rl(2p - (Y - y) > 0. When y = -n (a negative integer), it reduces to a 
result due to Professor Carlitz. Several other new summation formulae for 
$,(I), ,F,(l) and for the hypergeometric function of two variables are obtained. 
1. INTRODUCTION 
Transformations take a special place in the theory of the hypergeometric 
functions. Very few transformation and summation formulae are known to 
exist for the hypergeometric series of two variables. The object of this note is 
to establish an interesting transformation formula for the hypergeometric 
series of two variables with the aid of a result due to Professor Carlitz [3]. 
The result is employed to obtain several new summation formulae for the 
finite and infinite hypergeometric series of one and two variables. Interesting 
particular cases of this result include an extension of Professor Car&z’s formula 
[3] and the recent results obtained by Sharma [4]. 
For this investigation we recall Professor Carlitz’s summation formula 
F [ -n, 3 + S% 1 + 8% s + n; 1 1 B(B - 4n 
4 3 
1 + % ii + J-P, 1 + iw; = (B + 2n) (B), (1) 
and adopt the notation due to Burchnall and Chaundy [2, Eq. 61 
F [ 
(4; (4); (4; x, Y] = f f K~,)lm+n IPJlm Kcr)ln ~“9” 
(4); (ed; (fd; m=O n=p K4)lm+n N+& CMA m!n! 
to represent the generalized hypergeometric series of higher order and of two 
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variables, where (a.,) and [(u,)]~+~ denotes the p-parameter sequences a, ... a, 
and (u~)~+~ .*. (a,),,, respectively. 
For convenience, we shall express Professor Carlitz’s formula (1) in the form: 
4F3 1 + [ 
-3 t + 4% 1 + $4 B; 1 
a, + + g/3 - &z, 1 + $6 - gn; I 
C-1)” (B + 11-n 6% (1 i- @. - B)n 
(3) 
= 
(B + l)n 
We also require the formula due to Appell and KampP: de FCriet [l, p. 22, 
3. (2411 
- F,[a; 8; T(S) qs - a Y; 6; 1, 11 /3 - = y) 
qs - a) qs - /3 - y) (4) 
valid for RI(S - 01 - p - r) > 0. 
2. TRANSFORMATION FORMULA 
If 01~ , az , & , fit , 6, y are ur6itrury complex numbers, then 
[ 
Yt 6 - Y + 81-t B.2; s + 4% 9 1 + 4%) 81; + + 4% > 1 f ST? 3 Bz; 1,l 
F 4(S t 81 + Bz), :(I + 6 + a + Bz); (1 + q), (1 + A); (1 + %>, (1 +p,>; I 
provided Rl(6 + /I1 + & - y) > 0. 
Proof. Let us begin by considering 
( (-ml, (1 + +4 <a +i&L @lL C-n), (1+ $4, 
x E g (9 + +%Jr 0%2)s 
1 
( (1 + 4 (8 + ii!%- t+, (1 + Q/A - t4 (1 + 4 (4 + &32 - $n), (1+ *p2 - &l), r!s! 1 
by (3) 
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m tr>r+, (1 9%>r (4 + iP1)r wr (1 + &2>3 (4 +iPaL (P22>3 2 p+2s 
= $0 m,, (1 + %I- (1 + S1)r (1+ ~2)s (1 + B2h As! 
x f f (7 + r + 4n+, (-A - ~)wa (42 - s), (-1)2m+2n 
m=o n=O (S + Y + s),+, m!n! 
a, 22r+2s(Y)T+s (1 + 947 (8 + Q%)+- (A)7 (1+ 4~2)s (4 + au,,, 032h = mono f%+s (1 + %>r (1 +/UP (1 + a2)s (1 + Bz).s r!s! 
x FJr + r + s; +I, - T, -/I2 - s; 6 + r + s; 1, 11 (6) 
where Fl , is the first of the Appell’s functions. Summing the last expression 
on the right hand side using (4) we finally obtain that 
“1-&;/32,~+~2-/32;1,1 
6; 1 + I% , 1 + B2; 1 
_ V) w + A + 82 - Y) 
w - Y) rts + 81 + B2> 
fWr+s (8 + A + B2 - Y)r+s (1 + h)l ($I + 
m \ 





\ (1 + 4 (1 + 81), (1 + a,), 0 + /326,), 4 
(7) 
valid for R1(6 + fil + /3s - y) > 0. 
Interpreting the summation on the right hand side with the help of (2) we 
obtain (5). This completes the proof of (5). 
3. PARTICULAR CASES 
We now consider some interesting particular cases of (5). 
(a) In case we take /31 = 1 + (pi, /?s = 1 + a2 in (5), we obtain the 
known result: 
F YF 2 + ’ + % + 012 - Y; 1 + 4% > 4 + 4%; 1+ +2 , + + 492; 1, 1 
at2 + 8 + a1 + 012)s i(3 + s + a1 + 4;(2 + %)(2 + 4; I 
= J-v - Y) w + 6 + a1 + a21 (8) 
m q2 + 8 + ‘y1-t a2- r) 
valid.for R1(2 + 6 + CQ + 0~~ - y) > 0. (8) is due to Sharma [4, p. 137, Eq. (3)]. 
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(b) Incasewetakey=-n,andputS=&+/3,,a1=S+/3,+n-1, 
a2 = 6 + j12 + n - I in (5) an d using a result due to Sharma [5, Eq. (2)] 
F [ 
--n;%,81;%,82;1,1 
011 + “2; 1 + B1 - 012 - n; 1 + f32 - a1 - n; I 
(9) 
= (011 + a2 - Bl - P2)n (%>n b2)n 
(9 + a2)n (a1 - B2)n (a2 - Bdn ' 
we obtain a new summation formula for double series. 
[ 
--n,2a + 2p + n;cu + Qfi + 42 + $,a+ @ + +n,a;a/2 + j3 + n/2 + 4, 
F 01/2+p+n/2,/3;1,1 
(a + 8>, (4 + @T + P); (23 + B + 4, (1 + 4 (a + 2B + 4, (1 + 8; 1 
(6)” (4 (8)n (1 + a + B)zn 
= (1 + 4, (1 + B)n (1 + a+ B), (2a + VL . 
(c) If we put p2 = 0 in (5) we obtain the following interesting transforma- 
tion of sF4: 
y, 6 - y + P; 1 + 4% i + !I% B; 1 
t(s + B), 40 + 6 + B), (1 + 4 (1 + B) 1 (11) w - Y) fv + 13) - T(S) qs+ j? -y) 3Fz y, p, 1 + 01 - B; 1S,l +B I 
valid for R/(6 + /I - r) > 0. 
(d) If we set 6 = /3 in (11) we obtain the new result 
Y, 3 - y, 1 + 4% t + t% 1 
4F3 [$(l + V), ( 1 /3w9) w/3 - Ly. - r> 1 + 4, (1 + if?; = (B - r> w3 - r> WY - 4 (12) 
valid for R1(2/3 - OL - y) > 0. 
If y = --n (a negative integer) in (,12) it reduces to Professor Carlitz’s result (1). 
(12) is a generalization of Professor Carlitz’s formula. 
(e) In case we let y = --12 (a negative integer), p2 = 0,6 = 1 + LY - & - n 
in (5) and applying the Saalschutz’s theorem [6, Eq. (2.3.1.4)], we get a new 
summation formula for 4F3( 1) 
4F3 &(l + (Y - n), &(2 + OL - n), 1 + pi [ I = (lnYy),<:$. ’ (13) 
(f) If in Eq. (11) we put 6 = 1 + &OL, fi = 2y - 1, and apply Watson’s 
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summation theorem [6, Eq. (2.3.3.13)], we obtain a new result for a Saalschutzian 
54(l) 
3(1 + a), 6(1 + P), &(l + a+ 8)9 1 + 4% 8; 1 
5F4 [(I + a), (1 + B), &( 1 + &a + B), a(2 + 4a + B); 1 
4) Ql + !fB) q1 + Qa + 8) m - ib + -m w + ia - 4B) 
(14) 
= 
provided R1(1/2 - 0112 + /3/2) > 0. 
(g) If . t d f ms ea 0 as in (f) we let 6 = 4 + y/2 + p/2, /3 = 6 + 6~4 we get 
another summation formula for 5F4(1) 
y, 1 + ia, 4 + $6 1 + a - b, Hl + 201); 1 
5F4 [HI + a + rl 2 , > $2 (2 + a + $9, (1 + a), W + a); 1 (15) 
( m) w - Y/2) v + a + r/2) T(# + 43 + r/2) r(Q + 43 - r/2) W/6 + 43) ) = 
( 
WI + r/2) w + a - iY> x4 + w 
Q# + 6a + &Y) q9 + ia - kv) ) 
provided RZ(1 - y/2) > 0. 
(h) In case y = 1 +/3 in (11) and we apply Gauss’s theorem [6, Eq. 
(1.7.6)], we arrive at the result 
s-l,P,Hl +4,:(2+4;1 
4F3 [tcs + B), S<l + I 
T(S + /l)F(S - a - l)P(S - p - 1) 
s+i%u +a); =r(s-j?)l-(s+/3-oL-l)r(s-~ 
provided RZ(S - a - 1) > 0. 
Finally we note that if /I = &x in (1 l), it yields the recent result for a 4F3 (1) 
due to Sharma [4, p. 138, Eq. (6)]. 
Note added in proof. Professor B. L. Sharma has drawn my attention to the fact that 
Professor Carlitz’s formula, Eq. (1) of this paper is a particular case (r = I) of an earlier 
result due to Professor Bailey. [W. N. Bailey, Transformations of generalized hyper- 
geometric series, Proc. London Math. Sot. (2) 29 (1929), 495-502 (Eq. 3.43)]. 
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